Abstract: Synchronous chaos generation in an optical fiber laser system that consists of two coupled Er 3þ -doped fiber lasers is experimentally analyzed. Using a single amplitude modulator in the system, synchronous chaos generation is obtained at two different modulation frequencies, i.e., 10.38 and 3.85 MHz. The presence of chaotic behavior is verified using FFT spectra and an experimental Lyapunov exponent calculation employing the time series data generated by the fiber laser system. Synchronization between the coupled fiber lasers is demonstrated by the phase diagrams.
Introduction
Over the last two decades, chaos synchronization in lasers has been investigated both numerically and experimentally. Although this area of research has been mainly focused on the possibility of developing applications for secure communications, other potential applications have been demonstrated, such as random number generator and chaotic Lidar [1] - [18] . Er 3þ -doped fiber lasers have been widely studied for their potential application in chaos generation and synchronization techniques. In this context, the synchronization of two chaotic rare-earthdoped fiber ring lasers was numerically analyzed [19] . It was demonstrated that the level of synchronization achieved was insensitive to a wide range of mismatches in the laser parameters, apart from those associated with the phase and the polarization of the circulating electric field.
Furthermore, chaotic synchronization of a three-coupled-laser array has been numerically studied [20] . A symmetric array of three lasers was proposed, which could consist of fiber, semiconductor, or Nd:YAG lasers, all with the same coupling strength. In this case, the chaos state was related not only to the coupling strength, but also to the initial phase difference. Focusing on the system polarization state and the pump power, the chaotic dynamics of an Er 3þ -doped fiber laser with a nonlinear optical loop mirror has been demonstrated [21] . Chaotic dynamics was observed when the polarization controllers were adjusted to an appropriate position and the pump power was increased. These characteristics were also observed in a system based on the nonlinear Kerr effect, where the high-frequency chaotic dynamics of an Er 3þ -doped fiber ring laser were investigated experimentally [22] .
On the other hand, the simulation and numerical analysis of Er 3þ -doped fiber ring lasers was achieved by placing an electro-optic modulator in the fiber loop to generate optical chaos [23] . In order to control and increase this chaotic behavior of the system, several laser parameters, such as the pump power, modulation index, modulation frequency, decay rate, and cavity gain must be considered.
Regarding the modulation parameter, an experimental investigation of the complex dynamic behaviors, using the modulation frequency as the control parameter in a loss-modulated Er 3þ -doped fiber ring laser, have been reported [24] . In this case, a pair of optical amplitude modulators was used as the loss modulation device, the cavity length was 57 m, with a band-pass filter composed of a fiber Bragg grating, and the polarization in the cavity was adjusted using a polarization controller. Chaotic generation in an Er 3þ -doped fiber single-ring laser was also studied by adding an electro-optical modulator into the system [25] . The fiber laser system consisted of 26 m of Er 3þ -doped fiber, as well as an Er 3þ -doped fiber amplifier, a narrow bandwidth fiber filter, and the electro-optic modulator. The chaotic state was obtained by adjusting the dc bias voltage and the modulation frequency of the modulator used in the system.
In this work, the dependence of chaos generation on modulation frequency is examined, considering the characteristics of the synchronous pulse generation systems that have been previously reported [26] , [27] , then the synchronous chaos state of two coupled Er 3þ -doped fiber lasers is presented. An amplitude modulator is placed in one of the cavities, providing modulation to the other cavity in the system through the energy interaction between them. Through this variation of modulation frequency, synchronous chaos is observed in the fiber laser system. The chaos state in the cavities is obtained without the use of an additional modulator, and neither polarization maintaining fiber nor any other type of polarization control is used in the system, as were the cases in the aforementioned references [19] - [25] . The resulting chaos state is demonstrated using the time series analysis of the chaotic temporal data by the FFT spectra, together with the calculation of the largest Lyapunov exponent. The synchronization of the system is shown using the phase diagrams.
Experimental Description
The experimental setup consists of two Er 3þ -doped cavities in a ring configuration, as shown in Fig. 1 .
The pumping source for each cavity is a semiconductor diode laser with a maximum output power of 120 mW at 980 nm. The pumping power is inserted to the active media by means of a 980/1550-nm wavelength division multiplexing (WDM) coupler. The gain fibers are 5-m-long single-mode Er 3þ -doped fibers. In order to be sure that there is a unidirectional propagation, an optical fiber isolator in each cavity is placed. An amplitude modulator is inserted in one of the cavities, this is called the modulated cavity ðC 1 Þ. Through the interaction of energy of the modulated cavity with the neighbor cavity ðC 2 Þ, the modulation in all the system is obtained. Such interaction between cavities is achieved through a variable ratio coupler, which is placed as shown in Fig. 1 . The coupling ratio among cavities is 94%. Finally, with the use of an output coupler 90/10, 10% of the intensity of radiation that comes out for each one of the cavities is measured; whereas 90% is used as feedback. The length of each cavity is approximately 19.5 m. The output couplers are connected to a corresponding ultrafast photodetector, which are connected to a digital oscilloscope to present and analyze the temporal emission.
The synchronous generation properties of the fiber laser system are estimated using a phase diagram by plotting the intensity of the neighbor cavity against the intensity of the modulated cavity.
In order to validate quantitatively the degree of chaos in the fiber laser system, the largest Lyapunov exponent ðLE Þ is computed using the time series, s 1n and s 2n , generated by the experimental setup given in Fig. 1 . Calculation of the Lyapunov spectrum is a well-known numerical technique used to determine the chaotic behavior of a dynamic nonlinear system [28] , [29] . In the case of experimental data, only the largest Lyapunov exponent is determined. A positive Lyapunov exponent indicates the presence of chaos, and the higher the value of the exponent, the higher the degree of chaos exhibited by a system.
Since the sequence itself, s n , does not exactly represent the phase space of the dynamical system, various techniques are employed in order to unfold the multi-dimensional structure, using the available data. One of the most useful phase space reconstruction techniques is the method of delays. This technique employs vectors in a new space, the embedding space, formed from time-delayed values of the scalar measurements [30] :
where the number of elements, m, is referred to as the embedding dimension, and the time is the delay. The representation of the time series data as a trajectory in the embedding space is considered, and it is assumed that a return, s n 0 , very close to a previously visited point, s n , is observed. The distance Á 0 ¼ s n À s n 0 is then considered as a small perturbation, which should grow exponentially with time. Its future value can be taken from the time series Á l ¼ s nþl À s n 0 þl . If jÁ l j % Á 0 e lLE , then LE is (with probability one) the largest Lyapunov exponent [31] . A robust consistent and unbiased estimator can be derived for the largest LE by computing the following [32] :
If Sð; m; t Þ represents a linear increase with an identical slope for all values of m larger than some minimal embedding dimension m 0 , and for a reasonable range of (the neighborhood radius), then this slope can be taken to be an estimate of the largest LE .
An implementation of (2) is contained in the TISEAN software package, version 3.1 [30] , which has proved to be an efficient tool for investigating the presence of chaos in many experimental systems.
In this work, a MATLAB-based computer program employ the TISEAN software in order to calculate the LE values, and estimate the largest LE using the fiber laser system data (s 1n and s 2n ), by analyzing the graphs of Sð; m; t Þ with respect to the s n discretization. This discretization is represented by iÁt , where i is the iteration number and Át the sampling time of the experimental data.
Synchronous Chaos Generation
The fiber laser system described in Fig. 1 , contains an amplitude modulator, inserted in only one of its cavities, the modulated cavity ðC 1 Þ. When the neighbor cavity ðC 2 Þ is coupled with the modulated one by selecting the appropriate coupling strength between the cavities and modulation parameters, the generation of synchronous pulses with similar temporal and spectral properties is obtained for the fiber laser system, as has been previously reported in [26] and [27] .
The fundamental parameters of the design and function of a multicavity fiber laser system are review. In this case, the uncoupled operation of the two fiber lasers is unable to generate chaotic pulses in the cavity without the presence of a modulator; the system shows a very stable operation for several hours, despite external perturbations; and using cavities of different lengths destabilizes the synchronous regime. The central wavelength in both cavities is at approximately 1555.5 nm.
Considering the dependence of chaos generation on modulation frequency, the modulation parameter in the experimental setup is varied linearly from 2MHz to a value of 20 MHz. The aim of this research is to find and observe chaotic behavior as well as synchronization of the two cavities of the fiber laser system. In this manner, the synchronous chaos generation is obtained for modulation frequencies of 10.38 MHz and 3.85 MHz. An evaluation of both the modulation frequencies (10.38 MHz and 3.85 MHz) for which synchronous chaos is observed in Fig. 2 .
The temporal emissions from the fiber laser array are shown in Fig. 2(a) and (e). In both cases, the pulses generated in each cavity present a nonperiodic behavior. Furthermore, a bunching of the pulses, with one hump below each bunch, as was defined in [23] , is observed in Fig. 2(a) for the 10.38MHz case. The time series behavior of the 3.85 MHz case shown in Fig. 2 (e) differs because of its lower modulation frequency.
System synchronization is demonstrated in Fig. 2(b) and (f). Phase diagrams show the intensity of the neighbor cavity, C 2 , against the intensity of the modulated cavity. It is observed that the radiation in the cavities is synchronized between them.
To prove the presence of truly chaotic behavior in the fiber laser array, the FFT spectra are first obtained from the temporal emissions, as shown in Fig. 2(c) and (g). These spectra satisfy the broadband characteristics necessary for a chaotic signal. It is observed that in the case of the modulation frequency of 3.85 MHz [see Fig. 2(g) ], the spectrum is more erratic. In this case, as both cavities present a similar behavior, only the resulting spectrum for the C 1 is shown.
The chaos state of the fiber laser array can be quantitatively determined by measuring the largest LE according to (2) . 100000 data points were recorded for each cavity using the experimental time series. By using the values of m ¼ 3,
À3 , and iÁt ¼ 60 ns, the graphs in Fig. 2(d) and (h) are obtained. The natural logarithm of the divergence behavior, Sð; m; t Þ, is plotted as a function of iÁt , and using the slopes of these graphs, the largest LE is estimated.
The values of LE ¼ 0:1990 and LE ¼ 0:2469 were obtained for the modulation frequencies of 10.38 MHz and 3.85 MHz, respectively. The curve of the divergence saturates in both cases at approximately 35 ns, owing to the fact that the laser system is bounded in phase space. This implies that the chaotic trajectories and average divergences are circumscribed by the length of the chaotic attractor [32] .
The positive values of the Lyapunov exponents indicate the presence of chaos in the fiber laser system. The higher value of the positive Lyapunov exponent obtained for a modulation frequency of 3.85 MHz demonstrates the higher degree of chaos in that case, as was also given by the FFT spectra.
Therefore, the results of this experimental work confirm that this system is working in a synchronous chaos generation regime, and demonstrated a way for generating synchronized chaotic signals using a relatively simple system, compared to those employed in other approaches. In addition, a straightforward Lyapunov analysis of the experimental time series data permits us to quantify the degree of chaos in the proposed system.
Conclusion
A synchronous chaos generation regime in an array of two Er 3þ -doped fiber lasers using a single amplitude modulator was demonstrated experimentally. Synchronous chaotic regimes in the fiber laser system were found at modulation frequencies of 10.38 and 3.85 MHz. The Lyapunov exponents obtained from the experimental data confirm the chaotic behavior at both of these modulation frequencies. The results of this work could be of use in chaotic fiber laser applications employing relatively simple systems, such as random number generation and information encryption.
